The B c ( 1 S 0 ) meson to S-wave Charmonia transition form factors in large recoil region are calculated in next-to-leading order(NLO) accuracy of Quantum Chromodynamics(QCD). Our results indicate that the higher order corrections to these form factors are remarkable, and hence are important to the phenomenological study of the corresponding processes. For the convenience of comparison and use, the relevant expressions in asymptotic form in the limit of m c → 0 are presented.
I. INTRODUCTION
The study of B c meson is of special interest, since it is the only heavy meson composed of two heavy quarks with different flavors. The B c exclusive decays provide an important non-relativistic system in the investigation of weak interaction, hadronic properties of heavy mesons and even new physics. Up to now there are only two decay modes of B c meson being observed in experiment at the Fermilab Tevatron, i.e. B c ( 1 S 0 ) → J/ψπ and B c ( 1 S 0 ) → J/ψe + ν e [1] . Theoretically, many of works were carried out in different frameworks, see for instance recent works [2, 3] and references therein. In analyzing the B c decay processes, there are several different scales should be taken into account: the hard scale set by the heavy quark masses m Q , the soft scale set by m Q v where v < 1 is the relative velocity of heavy quarks within the B c meson, and the ultrasoft scale set by m Q v 2 . The hard part supplies the short-distance contribution and can be calculated perturbatively in strong interaction, while the soft and ultrasoft parts belong to the long-distance contribution and have to be evaluated via some non-perturbative methods or fitted by experimental data.
In the study of B-meson decays, the factorization [4, 5] is crucial to disentangle the short-distance sector from the long-distance sector, where the former can be treated by perturbertive QCD(pQCD), while the later can be characterized by some universal hadronic parameters. Because B to light hadron exclusive decays are mediated by weak interaction, it is convenient to use an effective weak Hamiltonian to describe the interaction, which has the following structure:
Here G F is the Fermi constant and Q i are local operators, C i are short-distance coefficients [6, 7] and V i CKM is CKM matrix element [8, 9] . In naive factorization approach, the B-meson exclusive two-body decays can be formulated as
where the matrix element M 1 |ψΓb|B stands for the transition form factor at large recoil, and M 2 |ψΓψ|0 corresponds to the M 2 decay constant. If we consider all the partons on light-cone, the matrix element M 1 |ψΓb|B can not be factorized further due to the divergence at the end point arising from vanishing energy of the partons on the light-cone.
However, if we extend to the non-relativistic situation, the nonperturbative effect can be factorized to Coulomb potentials of initial or final bound states. For instance, in the process B c → J/ψ(η c ) + π, we can describe the dynamics of bound states B c and J/ψ(η c ) by nonrelativistic QCD(NRQCD) [10] , since the masses of bottom and charm quarks are much bigger than Λ QCD . And then, the matrix element relevant to the form factor at large recoil can be factorized as [11, 12] :
Here, the nonperturbative parameters ψB c (0) and ψ J/ψ(ηc) (0) are the Schrödinger wave functions at the origin for bc and cc systems, respectively. T i is a hard scattering kernel which can be calculated perturbatively.
As the LHC will soon be in the position to explore many B c decay channels -among these several are in semileptonic and nonleptonic charmonium decay modes -a dedicated study of B c -to-charmonium form factors is meaningful. In this work, we will explicitly calculate the matrix elements J/ψ|cΓ V (A) b|B c and η c |cΓ V b|B c in pQCD approach at the next-toleading order in non-relativistic limit of the initial and final bound states. The paper is organized as follows: in section II, we represent matrix element at the Born level; in section III, we calculate the matrix elements in the NLO accuracy in pQCD; in section IV, we compare result from pQCD with the wave-function overlap contribution qualitatively; in the last section a brief summary and conclusions are given.
II. THE FORM FACTORS AT BORN LEVEL
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FIG. 1: The leading order Feynman diagrams
The investigation of process B c decays to S-wave charmonia (J/ψ or η c ) with a light meson or lepton pair plays an important role in the study of B c property, where the nature of the transition form factor stands as a central issue. In this work, we focus on the study of two and four independent form factors in B c ( 1 S 0 ) to η c and J/ψ transitions respectively, which are normally defined as:
At the leading order in α s , there are two independent Feynman Diagrams for After taking the above mentioned procedures, it is straightforward to calculate those concerned form factors at the tree level. They read 
III. THE NEXT-TO-LEADING ORDER CORRECTIONS
In performing the next-to-leading order calculation, as schematically shown in Figure 2 , we use the dimensional regularization scheme to regularize the UV and IR divergences, and the Coulomb divergence is regularized by the relative velocity v. In dimensional regularization, it is well-known that the γ 5 is difficult to deal with. In the literature, two approaches are mostly employed, that is the Naive scheme [13] and the 't Hooft-Veltman scheme [14] . In this calculation, we adopt the Naive scheme, of which the γ 5 anticommutates with each γ µ matrix in d-dimension space-time, {γ 5 , γ µ } = 0. In evaluating the quarkonium production and decays, it was argued by Ref. [15] that both schemes may lead to the same result, which is different from the case of pion decays to di-photon. The UV divergences exist merely in self-energy and triangle diagrams, which can be renormalized by the corresponding counter terms. The renormalization constants include Z 2 , Z 3 , Z m , and Z g , referring to quark field, gluon field, quark mass, and strong coupling constant α s , respectively. In our calculation the Z g is defined in the modified-minimal-subtraction (MS) scheme, while for the other three Here, R i (q 2 ) =
with F i standing for f + , f − , g, a 0 , a + , and a − . The renormalization-scale is fixed at µ = 3 GeV; m b = 4.76 GeV and m c = 1.54 GeV is adopted.
the on-shell (OS) scheme is employed, which tells
Here, β 0 = (11/3)C A − (4/3)T f n f is the one-loop coefficient of the QCD beta function; n f = 3 is the number of active quarks in our calculation; C A = 3 and T F = 1/2 attribute to the SU(3) group; µ is the renormalization scale.
Because in our calculation the m c /m b contribution is kept, the complete expression turns to be too lengthy to be presented here. Whereas, the asymptotic form in small m c limit is given in the appendix, and the numerical results are presented. From the asymptotic form a noteworthy finding is that there exists an interesting relation among those form factors,
i.e,
which is consistent with the prediction of Ref. [16] from large energy effective theory(LEET).
In numerical calculation, the input heavy quark masses are
The one loop result for strong coupling constant, the
is used.
In Figure 3 , the ratios of NLO and LO form factors versus the square root of momentum transfer q 2 are schematically shown, while it should be noted that the pQCD approach is feasible only in the maximum recoil region. The figure shows that the NLO corrections to the B c to charmonia transition form factors are remarkable and sensitive to the momentum transfer q. The renormalization-scale dependence of the LO and NLO form factors are presented in Figure 4 at the maximum recoil point q 2 = 0. Generally speaking, the scale dependence in NLO is obviously depressed relative to the LO case.
To show more explicitly the difference of LO and NLO results, we employ the function of
to exhibit the dependence of renormalization-scale at the maximum 
with F i standing for f + , f − , g, a 0 , a + , and a − .
The symbol "LO" denotes the LO renormalization-scale running of S In our calculation the package FeynArts [17] was used to generate the Feynman diagrams, the FeynCalc [18] was used to generated the amplitudes, and the LoopTools [19] was employed to calculate the Passarino-Veltman integrals.
IV. WAVE FUNCTION OVERLAP CONTRIBUTION
The wave function overlap contribution for B c decays has been broadly discussed in the literature [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Since in the overlap contribution the QCD non-perturbative effects tend to be important, from pQCD factorization point of view it is beyond the scope of our interest in this work. However, here we still make a schematic comparison of the wave-function overlap contribution with pQCD contribution to the form factors for readers convenience.
From the Table I , we notice that the results from wave function overlap are comparable to what from the pQCD calculation at the maximum recoil point, though in fact they attribute to different mechanisms in the study of B c decays. 
